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We study the effect of multiple soft gluon radiation on the kinematical distributions of the t-
channel single top quark production at the LHC. By applying the transverse momentum dependent
factorization formalism, large logarithms (of the ratio of large invariant mass Q and small total
transverse momentum q⊥ of the single-top plus one-jet final state system) are resummed to all orders
in the expansion of the strong interaction coupling at the accuracy of next-to-leading logarithm,
including the complete next-to-leading order corrections. We show that the main difference from
PYTHIA prediction lies on the inclusion of the exact color coherence effect between the initial and
final states in our resummation calculation, which becomes more important when the final state jet
is required to be in the forward region. We further propose to apply the experimental observable
φ∗, similar to the one used in analyzing precision Drell-Yan data, to test the effect of multiple gluon
radiation in the single-top events. The effect of bottom quark mass is also discussed.
Introduction: The top quark is the heaviest particle of
the Standard Model (SM) of elementary particle physics,
with its mass around the electroweak symmetry break-
ing scale. It is believed that studying its detailed inter-
actions could shed light on possible New Physics beyond
the SM. Furthermore, the lifetime of the top quark is
much smaller than the typical hadronization time scale,
so that one can also determine the properties (including
polarization) of this heavy bare quark, produced from
various scattering processes, by studying the kinemati-
cal distributions of the top quark and its decay parti-
cles. Top quarks are predominantly produced in pairs
through gluon fusion process, via strong interaction, at
the CERN Large Hadron Collider (LHC). It can also be
produced singly via charged-current electroweak inter-
action, involving a Wtb coupling [1–4], which offers a
promising way to precisely study the Wtb coupling and
the Vtb Cabibbo-Kobayashi-Maskawa (CKM) matrix el-
ement.
To test the Wtb coupling of the top quark from mea-
suring the production rate of single-top events, one has
to be able to precisely predict the detection efficiency of
the events after imposing needed kinematic cuts. Hence,
higher order calculations are required. The single top
quark production and decay in hadron collision at the
next-to-leading order (NLO) and next-to-next-to-leading
order (NNLO) accuracy in QCD correction have been dis-
cussed widely. (See Ref. [5], and the references therein).
To go beyond the fixed-order calculations, the thresh-
old resummation technique has been applied to improve
the prediction on the single-top inclusive production
rate at the next-to-leading-logarithm (NLL) and next-to-
next-to-leading-logarithm (NNLL) accuracy [6–11]. The
threshold resummation technique has also been used to
improved the prediction on the transverse momentum
distribution of the top quark by summing over large loga-
rithms ln(m2t/s4) with s4 → 0, where s4 = sˆ+ tˆ+ uˆ−m2t ,
sˆ, tˆ and uˆ are the usual Mandelstam variables [6–11].
In this Letter, we focus on improving the prediction
on the kinematical distributions of t-channel single top
events, by applying the transverse momentum resumma-
tion formalism to sum over large logarithms ln(Q2/q2⊥),
with Q q⊥, to all orders in the expansion of the strong
interaction coupling at the NLO-NLL accuracy, where Q
and q⊥ are the invariant mass Q and total transverse
momentum q⊥ of the single-top plus one-jet final state
system, respectively. We adopt the q⊥ resummation for-
malism based on the transverse momentum dependent
(TMD) factorization formalism [12], which has been
widely discussed in the literature to resum this sort of
large logarithms in the color singlet processes, such as
the Drell-Yan pair production [13, 14]. The application
of the q⊥ resummation formalism for processes with more
complicated color structures, such as heavy quark pro-
duction, was firstly discussed in Refs. [15–17]. For pro-
cesses involving massless jets in the final state, the q⊥
resummation formalism needs to be further modified to
take into account the color coherence effect induced by
the presence of the light (quark and gluon) jets in the
final state [18–23]. The extra soft gluon radiations in the
event could be either within or outside the observed final-
state jet cone. Within the jet cone, the radiated gluon is
treated as collinear to the final state parton, and it leads
to a contribution to the bin of q⊥ = 0. This contribution
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2can be factorized out as a jet function based on the TMD
resummation formalism [20]. When outside of observed
final-state jet cone, the radiated soft gluon will gener-
ate a non-vanishing q⊥, and induce the large logarithms
ln(Q2/q2⊥) which needs to be resummed via the modified
q⊥ resummation formalism.
The experimental signature of the t-channel single top
event at the LHC is an energetic light jet, associatively
produced with the single top quark, in the final state.
As to be shown below, the location and height of the Su-
dakov peak, in the q⊥ distribution of t-channel single top
events, strongly depends on the color coherence effect, in-
duced by soft gluon interaction between the initial and fi-
nal state jets, and the treatment of bottom quark mass in
the resummation calculation. The (formally) sub-leading
logarithms play an important role when the final state
jet is required to be in the forward region, where our
resummation prediction is noticeably different from the
PYTHIA parton shower result.
Resummation Formalism: We consider the process
pp → t + jet + X at the LHC. Using the TMD resum-
mation formalism presented in Ref. [20], the differential
cross section of the t-channel single top quark production
process can be summarized as
d4σ
dytdyJdP 2J⊥d2q⊥
=
∑
ab[∫
d2~b
(2pi)2
e−i~q⊥·~bWab→tJ(x1, x2,b) + Yab→tJ
]
, (1)
where yt and yJ are the rapidities for the top quark
and the final state jet, respectively; PJ⊥ and q⊥ are
the transverse momenta of the jet and the total trans-
verse momentum of the top quark and the jet system,
i.e. ~q⊥ = ~Pt⊥ + ~PJ⊥. The Wab→tJ term contains all or-
der resummation contribution, in powers of ln(Q2/q2⊥),
and the inclusion of the Yab→tJ term is to account for
the missing (non-singular) part of fixed-order correction
when expanding the Wab→tJ term to the same order in
the strong coupling constant gs as the fixed order calcula-
tion. The variables x1, x2 are momentum fractions of the
incoming hadrons carried by the two incoming partons.
The above W term can be further written as
Wab→tJ (x1, x2,b) = x1 fa(x1, µF = b0/b∗)x2 fb(x2, µF = b0/b∗)e−SSud(Q
2,µRes,b∗)e−FNP (Q
2,b)
× Tr
[
Hab→tJ(µRes)exp[−
∫ µRes
b0/b∗
dµ
µ
γs†]Sab→tJ(b0/b∗)exp[−
∫ µRes
b0/b∗
dµ
µ
γs]
]
, (2)
where Q2 = sˆ = x1x2S, b0 = 2e
−γE , fa,b(x, µF ) are par-
ton distribution functions (PDF) for the incoming par-
tons a and b, and µRes represents the resummation scale
of this process. Here, we define b∗ = b/
√
1 + b2/b2max
with bmax = 1.5 GeV
−1, which is introduced to factor
out the non-perturbative contribution e−FNP (Q
2,b), aris-
ing from the large b region (with b  b∗) [24–26]. In
this study, we shall use CT14NNLO PDFs [27] for our
numerical calculation. Hence, our resummation calcu-
lation should be consistently done in the General-Mass-
Variable-Flavor (GMVR) scheme in which the PDFs are
determined. The bottom quark PDF is set to zero when
the factorization scale µF is below the bottom quark
mass mb. To properly describe the small q⊥ region (for
q⊥ < mb), the S-ACOT scheme [28–31] is adopted to
account for the effect from the (non-zero) mass of the
incoming bottom quark in the hard scattering process
qb→ q′t+X. In Refs. [32–34], a detailed discussion has
been given on how to implement the S-ACOT scheme in
the q⊥ resummation formalism, for processes initiated by
bottom quark scattering. In short, the S-ACOT scheme
retains massless quark in the calculation of the hard scat-
tering amplitude (of qb → q′t), but with the (bottom
quark) mass dependent Wilson coefficient C
(1)
b/g(x,b, µF ),
to account for the contribution from gluon splitting into
a bb¯ pair [32–34]. The hard and soft factors H and S
are expressed as matrices in the color space of ab → tJ ,
and γs is the associated anomalous dimension for the soft
factor. The Sudakov form factor SSud resums the leading
double logarithm and the sub-leading logarithms, and is
found to be
SSud(Q
2, µRes, b∗) =
∫ µ2Res
b20/b
2∗
dµ2
µ2
[
ln
(
Q2
µ2
)
A+B
+D1 ln
Q2 −m2t
P 2J⊥R2
+D2 ln
Q2 −m2t
m2t
]
, (3)
where R represents the cone size of the final state jet, mt
is the top quark mass. Here, the parameters A, B, D1
and D2 can be expanded perturbatively in αs, which is
g2s/(4pi). At one-loop order,
A = CF
αs
pi
, B = −2CF αs
pi
, D1 = D2 = CF
αs
2pi
, (4)
with CF = 4/3. In our numerical calculation, we will also
include the A(2) contribution since it is associated with
the incoming parton distributions and universal for all
3processes initiated by the same incoming partons. The
cone size R is introduced to regulate the collinear gluon
radiation associated with the final state jet [18–23].
The soft gluon radiation can be factorized out based
on the Eikonal approximation method. For each incom-
ing or outgoing color particle, the soft gluon radiation is
factorized into an associated gauge link along the parti-
cle momentum direction. The color correlation between
the color particles in this process can be described by a
group of orthogonal color bases. For the t-channel sin-
gle top quark production, there are two orthogonal color
configurations, which are
Cij1kl = δikδjl, C
ij
2kl = T
a′
ik T
a′
jl , (5)
where i, j are color indices of the two incoming partons,
k, l are color indices of the jet and the top quark in final
states and a′ is color index of the gluon. We follow the
procedure of Ref. [20] to calculate the soft factor. Its
definition in such color basis can be written as
SIJ =
∫ pi
0
dφ
pi
Cbb
′
Iii′C
aa′
Jll′〈0|L†vcb′(b)Lv¯bc′(b)L†v¯c′a′(0)
× Lvac(0)L†nji(b)Ln¯i′k(b)L†n¯kl(0)Lnl′j(0)|0〉 , (6)
where we integrated out the azimuthal angle of the top
quark and traded the relative azimuthal angle φ for the
q⊥. I and J represent the color basis index, n and n¯ rep-
resent the momentum directions of the top quark and the
jet in this process, v and v¯ are the momentum directions
of the initial states.
The anomalous dimension of the soft factor SIJ can be
calculated at one-loop order and found to be
γSub→dt =
αs
pi
 CF T CF /CA U
U 12 (CA − 2/CA)U − 12CA T
 ,
(7)
where,
T = ln(
−tˆ
sˆ
) + ln(
−(tˆ−m2t )
sˆ−m2t
), (8)
U = ln(
−uˆ
sˆ
) + ln(
−(uˆ−m2t )
sˆ−m2t
). (9)
Here CA = 3, tˆ = (pu − pd)2, uˆ = (pb − pd)2 for the
ub→ dt process.
The hard factor HIJ contains the contribution from
the jet function which is proportional to the leading order
cross section. The jet function accounts for contribution
originated from collinear gluon radiation, and is depen-
dent on the jet algorithm used in the calculation. In this
work, we apply the anti-kT jet algorithm, as discussed in
Refs. [20, 35].
Before concluding this section, we would like to point
it out that we did not include in this work the possibility
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FIG. 1. The q⊥ distribution from the asymptotic result (blue
dashed line), NLO calculation (red dotted line), resummation
prediction (black solid line), parton shower result by PYTHIA
8 (green solid line) and Y -term (orange dot-dashed line) for
the t-channel single top quark production at the
√
S = 13 TeV
LHC with |yt| < 3 and |yJ | ≤ 4.5 (a), or 3.0 ≤ |yJ | ≤ 4.5 (b)
. The resummation and renormalization scales are choose as
µ = µRes = µren = HT .
of non-global logarithms [36–39]. The non-global loga-
rithms (NGLs) arise from some special kinematics of two
soft gluon radiations, in which the first one is radiated
outside of the jet which subsequently radiates a second
gluon into the jet. We have roughly estimated its numer-
ical effect and found that the NGLs are negligible in this
process since it starts at O(α2s) [40]. Therefore, we will
ignore their contributions in the following phenomenol-
ogy discussion.
Phenomenology: Below, we present the numerical re-
sult of resummation calculation for the t-channel single
top quark production at the
√
S = 13 TeV LHC with
CT14NNLO PDF [27]. Figure 1 shows the q⊥ distribu-
tion from the asymptotic piece (blue dashed line), NLO
calculation (red dotted line), resummation prediction
(black solid line) and Y -term (orange dot-dashed line)
for the top quark production. Here, the asymptotic piece
is the fixed-order expansion of Eq. (1) up to the αs or-
der, and is expected to agree with the NLO prediction as
q⊥ → 0. In the same figure, we also compare to the pre-
diction from the parton shower event generator PYTHIA
8 [41] (green solid line), which was calculated at the lead-
ing order, with CT14LO PDF and αs(MZ) = 0.118 at the
Z-boson mass scale (91.118 GeV). For the fixed-order
calculation, both the renormalization and factorization
scales are fixed at HT ≡
√
m2t + P
2
J⊥ + PJ⊥. Similarly,
in the resummation calculation, the canonical choice of
the resummation (µRes) and renormalization (µren) scales
is taken to be HT in this study. The jet cone size is
taken to be R = 0.4, using the anti-kT algorithm, and
the Wolfenstein CKM matrix element parameterization
is used in our numerical calculation [42]. We shall com-
pare predictions for two different sets of kinematic cuts,
with |yt| ≤ 3 and PJ⊥ > 30 GeV, and |yJ | ≤ 4.5 in
(a), and 3 ≤ |yJ | ≤ 4.5 in (b) of Fig. 1, respectively.
Some results of the comparison are in order. Clearly, the
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FIG. 2. (a) The ratio of the resummation and PYTHIA
prediction for the t-channel single top quark production at
the
√
S = 13 TeV LHC with |yt| < 3, PJ⊥ > 30 GeV and
|yJ | ≤ 4.5 (blue dashed line), or 3.0 ≤ |yJ | ≤ 4.5 (red solid
line); (b) The W -piece prediction for the single top quark
production process with mb = 4.75 GeV (blue dashed line )
and mb = 0 (red solid line) at the
√
S = 13 TeV LHC with
|yJ | ≤ 4.5, |yt| < 3 and PJ⊥ > 30 GeV. The resummation and
renormalization scales are choose as µ = µRes = µren = HT .
asymptotic piece and the fixed-order calculation results
agree very well in the small q⊥ (less than 1 GeV) re-
gion. As a further check, we calculated the NLO total
cross section predicted by our resummation calculation.
Specifically, we numerically integrated out the q⊥ distri-
bution predicted by our resummation calculation from
0 to 1 GeV, and summed it up with the integration of
the perturbative piece (at the αs order) from 1 GeV up
to the allowed kinematic region [43]. We found that the
NLO total cross section predicted by our resummation
framework and MCFM [44] calculations are in perfect
agreement.
As shown in Fig. 1, the NLO prediction is not reli-
able when the q⊥ is small. The resummation calculation
predicts a well behavior q⊥ distribution in the small q⊥
region since the large logarithms have been properly re-
summed. In Fig 2(a), we compare the predictions from
our resummation calculation to PYTHIA by taking the
ratio of their q⊥ differential distributions shown in Fig. 1.
With the jet rapidity |yJ | ≤ 4.5 (blue dashed line), this
ratio does not vary strongly with q⊥. Hence, they pre-
dict almost the same shape in the q⊥ distribution, while
they predict different fiducial total cross sections because
PYTHIA prediction includes only leading order matrix
element and is calculated with CT14LO PDFs. However,
if we require the final state jet to be in the forward ra-
pidity region, with 3 ≤ |yJ | ≤ 4.5 (red solid line), which
is the so-called signal region of single top events, we find
that PYTHIA prediction disagrees with our resumma-
tion calculation. Our resummation calculation predicts
a smaller q⊥ value when the final state jet is required to
fall into the forward region. We have checked that the
PYTHIA result is not sensitive to the effects from beam
remnants. Furthermore, the Y -term contribution, from
NLO, is negligible in this region, cf. Fig. 1(b) (orange
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FIG. 3. The normalized distribution of φ∗ for top quark
production at the
√
S = 13 TeV LHC with |yt| < 3 and
PJ⊥ > 30 GeV. The resummation and renormalization scales
are choose as µ = µRes = µren = HT . The blue and black
line represents the resummation prediction with and with-
out including the factor T in Eqs. (7)-(9), respectively. The
red lines describe the results from PYTHIA prediction. The
blue shaded region represents the scale uncertainties which
are varied from HT /2 to 2HT .
dot-dashed line). Hence, we conclude that their differ-
ence most likely comes from the treatment of multiple
soft gluon radiation.
As shown in Eqs. (7)-(9), the effect of multiple gluon
radiation, originated from soft gluons connecting the ini-
tial and final state gauge links, becomes more important
when the final state jet is required to be in the forward
region where the kinematic factor T ∼ ln −tˆ
sˆ
becomes
large as |tˆ| → 0. Consequently, the q⊥ distribution peaks
at a smaller value as compared to the case in which the
final state jet does not go into the forward region.
Next, we examine the effect of the incoming bottom
quark mass to the q⊥ distribution. As shown in Fig. 2(b),
a finite bottom quark mass, with mb = 4.75 GeV, shifts
the peak of the q⊥ distribution by about 3 ∼ 4 GeV as
compared to massless case.
As discussed above, the coherence effect of gluon radi-
ation in the initial and final states becomes large when
the final state jet falls into more forward (or backward)
direction, with a larger absolute value of pseudorapid-
ity. Furthermore, a different prediction in q⊥ would lead
to different prediction in the azimuthal angle between
the final state jet and the top quark moving directions
measured in the laboratory frame. Both of them sug-
gest that we could use the well-known φ∗ distribution,
for describing the precision Drell-Yan pair kinematical
distributions [45], to test the effect of multiple gluon ra-
diation in the t-channel single top quark production. The
advantage of studying the φ∗ distribution is that it only
depends on the moving directions (not energies) of the
final state jet and top quark. Hence, it might provide
a more sensitive experimental observable when the final
state jet falls into forward (or backward) direction. We
5TABLE I. The predicted kinematic acceptances for the φ∗ cut-off in the t-channel single top quark production at the LHC
φ∗ < 0.05 < 0.1 < 0.15 < 0.2 < 0.25 < 0.3
Res |yJ | < 4.5 48% 68 % 79% 86% 91% 94%
PYTHIA |yJ | < 4.5 46% 68% 81% 88% 93% 96%
Res 3 < |yJ | < 4.5 54% 72% 83% 89% 93% 96%
PYTHIA 3 < |yJ | < 4.5 46% 68% 80% 87% 92% 96%
follow its usual definition and define
φ∗ = tan
(
pi −∆φ
2
)
sin θ∗η, (10)
where ∆φ is the azimuthal angle separation in radians
between the jet and top quark. The angle θ∗η is defined
as
cos θ∗η = tanh
[
ηJ − ηt
2
]
, (11)
where ηJ and ηt are the pseudorapidities of the jet and
top quark, respectively.
As shown in Fig. 3, the predictions of PYTHIA and
our resumamtion calculation differ in the small φ∗ region,
especially for the final state jet falls into more forward (or
backward) direction (Fig. 3(b)), which can be caused by a
large value of ηJ−ηt. i.e., in the events with large rapidity
gap. In such region, the subleading logarithm terms in
the Sudakov factor are important in our resummation
calculation. To illustrate this, we also compare to the
prediction (shown as black curves in Fig. 3) without the
coherence factor T in Eqs. (7)-(9). It shows that factor
T would change φ∗ distribution significantly.
Since φ∗ distribution is sensitive to the color struc-
ture of the signal, it could also be used to improve the
t-channel single top quark cross section measurement. In
that case, a precise theoretical evaluation of the kine-
matic acceptance is necessary, which is defined as,
 ≡ σ(φ
∗ < φ0)
σ
. (12)
Here, σ(φ∗ < φ0) is the cross section after imposing the
kinematic cuts, while σ is not. As shown in Table I, if
we require the final state jet to be in the forward ra-
pidity region, with 3 ≤ |yJ | ≤ 4.5, the kinematic ac-
ceptance with φ∗ < 0.05 is larger by about 8% in our
resummation calculation than the PYTHIA prediction.
For φ∗ < 0.1, they differ by about 4%, and our resum-
mation calculation predicts a larger total fiducial cross
section. Currently, the ATLAS and CMS Collaborations
have measured the t-channel single top quark at the 13
TeV LHC, the uncertainty is around 10% [46, 47]. If the
φ∗ observable is used to further suppress backgrounds
and enhance the signal to backgrounds ratio, the differ-
ence found in our resummation and PYTHIA calcula-
tions of the fiducial cross section could become impor-
tant. This will lead to, for example, different conclusion
about the constraints on various Wtb anomalous cou-
plings, induced by New Physics, or the measurement of
Vtb [48, 49].
In summary, we have presented a transverse momen-
tum resummation calculation to precisely predict the
kinematical distributions of the final state jet and top
quark produced in the t-channel single top events at the
LHC. We find that it is important to correctly take into
account the color coherence effect, induced by soft glu-
ons connecting the initial and final states, which becomes
more significant when the final state jet falls into the
more forward (or backward) region, where PYTHIA pre-
diction differs the most from our resummation calcula-
tion. Motivated by this, we propose to apply the exper-
imental observable φ∗, similar the one used in analyzing
the precision Drell-Yan data, to perform precision test
of the SM in the production of the t-channel single top
events at the LHC.
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